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Course Objectives

e To understand and use the general ideas of force vectors and equilibrium of particle and
rigid body.

e To understand and use the general ideas of structural analysis and internal force and
friction.

e To understand and use the general ideas of center of gravity, centroids and moments of

inertia.

Subjects

General principles
Force vectors
Equilibrium of a particle

Force system resultants
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5. Equilibrium of a Rigid Body
6. Structural Analysis

7. Internal Forces

8. Friction

9. Center of Gravity and Centroid of Areas
1

0. Moments of Inertia ( Second Moment of Areas )
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CHAPTER 1
CHAPTER OBJECTIVES
v’ To provide an introduction fto the basic quantities and idealizations
of mechanics.

v’ To give a statement of Newton's Laws of Motion and Gravitation.

v’ To review the principles for applying the S/ system of units.

v’ To examine the standard procedures for performing numerical
calculations.

v’ To present a general guide for solving problems.

1.1 Introduction

Mechanics is a branch of the physical sciences that is concerned with the state of rest
or motion of bodies that are subjected to the action of forces. In general, this subject can
be subdivided into three branches: rigid-body mechanics, deformable-body mechanics ,
and fluid mechanics.

The subject of statics developed very early in history because it’s principles can be
formulated simply from measurements of geometry and force. Statics deals with the
equilibrium of bodies, that is, those that are either at rest or move with a constant
velocity; whereas dynamics is concerned with the accelerated motion of bodies. We can
consider statics as a special case of dynamics, in which the acceleration is zero; however,
statics deserves separate treatment in engineering education since many objects are
designed with the intention that they remain in equilibrium..

1.2 Basic Concepts

Before we begin our study of engineering mechanics, it is important to understand the

meaning of certain fundamental concepts and principles.

Length: Length is used to locate the position of a point in space and thereby describe the
size of a physical system. Once a standard unit of

length is defined, one can then use it to define distances and geometric

properties of a body as multiples of this unit.
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Time: Although the principles of statics are time independent. This quantity plays an
important role in the study of dynamics.

Mass: Mass is a measure of a quantity of matter that is used to compare the action of one
body with that of another.

Force: Force is considered as a "push" or "pull" exerted by one body on another. This
interaction can occur when there is direct contact between the bodies, such as a person
pushing on a wall. A force is completely characterized by its magnitude, direction, and
point of application.

IGERNVATINLIER Models or idealizations are used in mechanics in \. ./

order to simplify application of the theory. Here we will consider
three important idealizations.

Particle: Particle has a mass, but its size can be neglected.

Thivew fodioss ol o Tl ring. Sinon Slaks
Moy all pees wl posip iben for sy [imoe
apalvyms, wa cAn psvmma ihe g i I

Rigid Body A rigid body can be considered as a combination of a  rprecatct s puna
large number of Particles.

Concentrated Force: A concentrated force represents the effect
of a loading which is assumed to act at a point on a body. We can
represent a load by a concentrated force, provided the area over
which the load is applied is very small compared to the overall
size of the body. An example would be the contact force between
a wheel and the ground. i ik anis b ThCte e ik 8

Newton’s Three Laws of Motion: Engineering mechanics is
formulated on the basis of Newton’s three laws of motion.

Newton’s first law: A particle originally at rest or moving in a \('
straight line with constant velocity, tends to remain in this State _ ;||'|;|I|1r"||'1
provided the particle is not subjected to an unbalanced force

[k

(Fig.1-1). i Fig 1-1
F=0
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Newton’s second law: A particle acted upon by an unbalanced force “F’ experiences an
acceleration “a’ that has the same direction as the force and a magnitude that is directly

proportional to the force (Fig.1-2).
If “F” is applied to a particle or mass “m”, this law may be expressed mathematically

as:

.. b |
F=ma ... (1.1) F—>@

Accelerated motion
Fig 1-2

Newton’s third Law: The mutual forces of action between two particles are equal,
opposite, and collinear (Fig. 1-3).

Iffm'l:e of Aon B
A a8 k

force of Bon A

Action — reaction

Fig 1-3

Newton's Law of Gravitational Attraction: Shortly after formulating his three laws of
motion. Newton postulated a law governing the gravitational attraction between any two
particles. Stated mathematically.

Where:
F: Force of gravitational between the two particles.
G: Universal constant of gravitation, according to experimental evidence.
il

& =6673 1071 -
] HES‘
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m;, m, : mass of each of the two particles.
r : distance between the two particles.

Weight: Weight refers to the gravitational attraction of the earth on a body or quantity of
mass. The weight of a particle having a mass is stated mathematically.
W=mg .......(1.3)

Measurements give: g= 9.8066 m/s? 0 L iy

Therefore, a body of mass 1 kg has a weight of 9.81 N, a 2 kg

body weights 19.62 N, and so on (Fig. 1-4). WE1 N
Fig 1-4

Units of Measurement:

o SI units: The international System of units. Abbreviated SI is a modern version which
has received worldwide recognition. As shown in Tab 1.1. The SI system defines length in
meters (m), time in seconds (s), and mass in kilograms (kg). In the SI system the unit of
force, the Newton is a derived unit. Thus, 1 Newton (N) is equal to a force required to
give 1 kilogram of mass and acceleration of 1 m/s”.
e US customary: In the U.S. Customary system of units (FPS) length is measured in feet
(ft), time in seconds (s), and force in pounds (Ib). The unit of mass, called a slug, 1
slug is equal to the amount of matter accelerated at 1 ft/s? when acted upon by a
force of 11b (1 slug=1 lb s*/ft). Therefore, if the measurements are made
at the “standard location,” where g = 32.2 ft/s*, then from Eq. 1.3 ,

m=W/g (g=322ft/s%) ....... (1.4)
And so a body weighing 32.2 Ib has a mass of 1 slug, a 64.4-1b body has a
mass of 2 slugs, and so on.
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TABLE 1-1 Systems of Units

Mame Length Time Mass Force
Intermational mieter second kilogram
System of Units N
al I & kg kg m
()
LLE Customary Font secomnd slug® o
FPs

fhye 43
i 5 ( ns) It

* Ceppwad unde,

Conversion of Units:

Table 1.2 provides a set of direct conversion factors between FPS and SI units for the
basic quantities. Also in the FPS system, recall that:

1 ft=12 in inches 1 mile=5280 ft 1 kp kilo pound =1000 Ib 1 ton=2000 1b

TABLE 1-2 Conversion Factors

Unit of Unit of
Quantity Measurement (FPS) Equals Measurement (Sl)
Force Ib 4448 N
Mass slug 14.59 kg
Length ft (13048 m

Prefixes: When a numerical quantity is either very Large or very small, the units used to
define its size may be modified by using a prefix. Some of the prefixes used in the SI
system are shown in Table 1.3. Each represents a multiple or submultiples of a unit which,
if applied successively, moves the decimal point of a numerical quantity to every third
place. For example, 4000000 N = 4000 kN (kilo-Newton) = 4MN (Mega-Newton), or
0.005 m = 5 mm (millimeter).

Prepared by : Ass. Prof. Dr. Ayad A. Sulaibi



UNIVERSITY OF ANBAR

COLLEGE OF ENGINEERING

Engineering Mechanics - STATILS

TABLE 1-3 Prefixes

Exponential Form Prefix Sl Symbol

Mudltiple

1 000 000 000 17 giga G

1 000 000 1P mega M
1000 1¢ kilo k
Sebnuliiple

0.001 107 milli m
0.000 (01 1(r8 micro m
0.000 000 001 109 nano n

*The kilogram is the only base unit that is defined with a prefix

@ Statics 1s the study of bodies that are at rest or move with constant
velocity.

» A particle has a mass but a size that can be neglected, and a rigid
body does not deform under load.

» Concentrated forces are assumed to act at a point on a body.
» Newton’s three laws of motion should be memorized.

» Mass is measure of a quantity of matter that does not change
from one location to another. Weight refers to the gravitational
attraction of the earth on a body or quantity of mass. Its magnitude
depends upon the elevation at which the mass is located.

¢ In the SI system the unit of force, the newton, is a derived unit.
The meter, second, and kilogram are base units.

» Prefixes G, M, k,m, i, and n are used to represent large and small
numerical quantities. Their exponential size should be known,
along with the rules for using the SI units.

¢ Perform numerical calculations with several significant figures.
and then report the final answer to three significant figures.

¢ Algebraic manipulations of an equation can be checked in part by
verifying that the equation remains dimensionally homogeneous.

¢ Know the rules for rounding off numbers.
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EXAMPLE [ 1.1

Convert 2 km /h to m/s How many ft/s is this?

SOLUTION

Since 1 km = 1000 m and 1 h = 3600 s, the factors of conversion are
arranged in the following order, so that a cancellation of the units can
be applied:

_ 2km(1000m\/ 1K
2km/h = Ko\ Jm )(36005)

~ 2000m
© 3600 s

= 0.556 m/s Ans.

From Table 1-2.1 ft =0.3048 m. Thus,

0.556m/s=(0'556m)( 1 ft )
s 0.3048 mi

= 1.82 ft/s Ans.

NOTE: Remember to round off the final answer to three significant
figures.

Convert the quantities 300 b+ s and 32 slup/ 71" o sppropriste 51 units

SEOLUTION
Using Table 1-2,1'b = 44442 N
44BN
b s = 3uuu:=-s{--- --—-—)
18
= 13345 M= |33 kN & Army,

Since 1 slug = 14393 5 kg amd 1 {1 = 0304 & m, then

= F.FEE.(!:‘.-?EE&)( 1N A
. L ap asmnm}
= MR(10Y) kg/m’
268 Mg/’ A,
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EXAMPLE | 1.3

Evaluate cach of the following and express with SI units having an
appropriate prefie: (a) (50 mN)(6 GNJ, (b) (400 mm)(0.6 MN),
(c) 45 MN- /900 Gg.

SOLUTION
First comvert each number (o base units, perform the indicated
operations, then choose an appropriate prefix.

Part (a)

(50 mN )6 GN) = [50(10*) N][46(10") N]

300(10% N?

. JLENYS1EN
i s ] 1kN
HHRICD (m-" N’)( 1t w)

300 kN2 Artx

L]

NOTE: Keep in mind the convention kN* = (KN) = 10" N°,

Part (b)
(400 mu)(0.6 MN) = [400(107%) m][0.6(10%) N]*
= [400(107%) m][0.36(10™%) N]
= 144(10%) m < N?
= 144 Gm+ N* Ans,
We can also wrile
; 1 MN\/1MN
144010" m = N* = 144(10° IIPNJ(——)(—-]
(a0 (e 10°0 /1 10° X,
= 0,144 m - MN? Aris
Part (<)

45MN* _ 45(10°NY
900 Gg 900(10%) kg

= 50(10") M /kg
1kNYV 1
= 50(10" N“( )
IR/ ke
= 50 kN /ke Ans,
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Exercises

km m [
Convert 2 — o — How many — ts thils?

w22 =05562 =182k

Convert the guantities 300 [h s and 52 %tu appropriate 5 wnits,
s 30085 = 133 kN.s 5220 = 26875
Kxercise 1.3
Evaluate each of the following and exprass with %1 units having an  appropriate  profic
3
(o) (50 MO GN)  (b) (400 mm)(06 MKY o) S
. / W)= . Im i oL 7 . L b
Auz: (R0 me N DG GGV ) = Z0E0 BN (b0 w3 0.6 AN 144 tfm. N 45 300 G0 =
Exercise 1.9:
Raund off the following numbers to three significant figunas:
(&) 465735 m [} 55.578 [ch d555 M [y 2768 kg
an (0] 4.66 m [b}55.6s (c}456 kN (d) =2.77Mg
Exgreive 15:
Represent each of the following combirations of units in the cormect 5 ferm wing an appropriare
prefis:
[a) phdN th] NS pm fe] WM k™ " (d) l-tr-.l."rrﬁ-‘. i
s L) N {bjf Le };—3 [:1‘}7
Exercise 1.6:
Represent each of the follwing comblnations of units in the correct S form
[3) Mg/ ms [hhglj-fmr: Ic] rl'nl“'m'h:.gr.r usi.m -
-E Ll Aoy
as{al T (k] mm m (e kg kps
Exercise 17

A rocket has @ mass of 250 107 slugs on earth. Specify {a) its mass in 51 units and (b} its weight in 5
units, if the rocket is on the moon, where the acceleration due to gravity is g,=5.230 ft/s", determine
to 3 significant figures (o] s weight In units, and [d} its mass in 51 undes,

aee (4] 365 Gp (b} W, = 358 MN (e} W, = 580 MN my, = m. = 365 &g
Exercise 1.8;
If & cor b traveling a1 55 mifh, dotenmine its spead in kibdmeters per hour and fatens ger second
suc () BA514 7" (h124.6 %
Exercisg 1.9:

The Pascal [Pa) i actually a wery small units of pressure. To show this, comiert 1 Pa=1 fn.l,l'rn2 to ||:|."'I:I:!.
Ammasphenc pressure atsea lbvel i 14.7 b/in®. How many Pascals is this?

am (8] 1 Pa = 2001073 % (B]1ATM = 101.34 kPa
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CHAPTER OBJECTIVES

CHAPTER -2
FORCE VECTORS

To show how to add forces and resolve them into components using

the Parallelogram Law.

To express force and position in Cartesian vector form and explain
how to determine the vector's magnitude and direction.
To introduce the dot product in order to determine the angle between

two vectors or the projection of one vector onto another.

2.1 Scalars and Vectors

All physical quantities in engineering mechanics are measured using either scalars

or vectors.

Scalar: A scalar is any positive or negative physical quantity that can be completely

defined only by its magnitude. Examples of scalar quantities are: length, mass, and

time.

Vector: A vector is any physical quantity that requires
both a magnitude and a direction for its complete
description. Examples of vectors in statics are: force,
position, and moment. A vector is shown graphically
by an arrow. The length of the arrow represents the
magnitude of the vector, and the angle @ between the
vector and a fixed axis defines the direction of its line
of action. The head or tip of the arrow indicates the
sense of direction of the vector, Fig. 2—1 .

| 1 [ Line of aciim—;.\:wf

Head- e
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* In print, vector quantities are represented by boldface letters such as A , and the
magnitude of a vector is italicized, A . For handwritten work, it is often convenient
to denote a vector quantity by simply drawing an arrow above it, 4 .

2.2 Vector Operations

Multiplication and Division of a Vector by a Scalar:
If a vector is multiplied by a positive scalar, its
magnitude is increased by that amount. Multiplying by
a negative scalar will also change the directional sense
of the vector. Graphic examples of these operations are
shown in Fig. 2-2 .

Scalar multipheation and division

Fig. 2-2

Vector Addition: All vector quantities obey the parallelogram law of addition . To
illustrate, the two *“ component > vectors A and B in Fig. 2-3 a are added to form a *
resultant ” vector R = A + B using the following procedure:

* First join the tails of the components at a point to make them concurrent, Fig. 2-3 b .
* From the head of B, draw a line parallel to A . Draw another line from the head of A
that is parallel to B . These two lines intersect at point P to form the adjacent sides of a
parallelogram.

* The diagonal of this parallelogram that extends to P forms R, which then represents
the resultant vector R=A + B, Fig. 2-3 c.

\ ,
k=a+0

Parallelopram law

Rl CH Y] 1]
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e Trapezoid rule for vector addition.
e Triangle rule for vector addition.

e Law of cosines,
R*=P>+Q°-2PQcos B
R=P+Q

e Law of sines,

sind_sinB _sinC
0 R A

e Vector addition is commutative,
P+0=0+P

e Vector subtraction.

e Addition of three or more vectors through repeated

application of the triangle rule.

e The polygon rule for the addition of three or more vectors.

e Vector addition is associative,

P+0+5=(P+0)+5=P+(0+5)

e Multiplication of a vector by a scalar
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As a special case, if the two vectors A and B are collinear , 1.e., both have the same
line of action, the parallelogram law reduces to an algebraic or scalar addition

R=A+B.
: - - ;.
A B
R=A+B

Addition of collinear vectors

2.3 Vector Addition of Forces

Force is the action of one body on another; characterized by its point of application,
magnitude, line of action, and sense. Therefore it is a vector and it adds according to
the parallelogram law. Two common problems in statics involve either finding the
resultant force, knowing its components, or resolving a known force into two
components. We will now describe how each of these problems is solved using the
parallelogram law.

Finding a Resultant Force. The two component forces F1
and F2 acting on the pin in Fig. 2-7 a can be added together
to form the resultant force FR = F1 + F2 , as shown in Fig.
2-7 b . From this construction, or using the triangle rule,
Fig. 2-7 ¢ , we can apply the law of cosines or the law of
sines to the triangle in order to obtain the magnitude of the  Tho pursiciogram tow st be wed

. . . tovdekermios the sesultant of the e
resultant force and its direction. T R

F1 Fl

Fr
F;

Fr=F +F;
(a) (b (c)

Fig. 2-7
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EXAMPLE |21

The serew eve in Fg 211 is subyected o two forces, By and Fa
Dretermine the magnitude and direction of the resultant force.

[1ar

Fo=150N

Ce—

{aj

SOLUTION

Parallelogram Law.  The parallelogram is formed by drawing a line
from the head of F) that 1s parallel 1o Fy, and another line from the
head of F that is paraliel to . The resultant foree Fpextends fo where
these lines intersect ol point A, Fig 2-115 The two unknowns are (he
magnitude of Fg and the angle # (theta).

Trigomometry. From the paralielogram. the vector triangle is
consiructed, Fig 2-11c. Using the law of cosines

Fe = V00 NP + (150 K7 — 20000 ME150 Ny cos 115
= /10000 + 22 500 — 20000 —0.4226) = 2126 N
= 213N Amy.

Applving the law of sines to determdne &,

10N 216N 150N
= mi = {sin L1%
P TR L ml = N Y]
= 308

Thus, the direction ¢ {phi} of Fgp measured from the horizoatsl. is

of = 3087 4 1507 = 5487 Az

MOTE: The resulls seem reasonable, smes Fig 2-110 shows Fgto have
a magnitude larger than its components and a direction that s
bertwieen the
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Finding the Components of a Force. Sometimes it is necessary to resolve a force into
two components in order to study its pulling or pushing effect in two specific
directions. For example, in Fig. 2-8 a , F is to be resolved into two components along
the two members, defined by the u and v axes. In order to determine the magnitude of
each component, a parallelogram is constructed first, by drawing lines starting from
the tip of F , one line parallel to u , and the other line parallel to v . These lines then
intersect with the v and u axes, forming a parallelogram. The force components Fu and
Fv are then established by simply joining the tail of F to the intersection points on the
u and v axes, Fig. 2-8 b . This parallelogram can then be reduced to a triangle, which
represents the triangle rule, Fig. 2—8 ¢ . From this, the law of sines can then be applied
to determine the unknown magnitudes of the components.

/ F
F, 5
/ :
u
F, F,
(k) i(ch
Fig, 2-%

Addition of Several Forces. If more than two forces are to be added, successive
applications of the parallelogram law can be carried out in order to obtain the resultant
force.

Flg. 2-9
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A scalar is a positive or negative number.

* A vector is a quantity that has a magnitude. direction, and sense.

“ Multiplication or division of a vector by a scalar will change the
magnitude of the vector. The sense of the vector will change if the
scalar is negative.

* As a special case, if the wvectors are collinear, the resultant is
formed by an algebraic or scalar addition.

Resolve the horizontal 600-1b force in Fig. 2—12 a
into components acting along the u and v axes and
determine the magnitudes of these components.
Solution:

The parallelogram is constructed by extending a line
from the head of the 600-1b force parallel to the v axis
until it intersects the u axis at point B , Fig. 2-12 b .
The arrow from A4 to B represents F, . Similarly, the
line extended from the head of the 600-1b force drawn
parallel to the u axis intersects the v axis at point C,
which gives F, . The vector addition using the triangle
rule is shown in Fig. 2-12 ¢ . The two unknowns are
the magnitudes of F, and F, . Applying the law of
sines,

F, 60
sin 120F s WP
F,= 103 b Anx, (k)
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F, _ 6001b
sin 30°  sin 30°
F, = 600 Ib Ans.

NOTE: The result for Fu shows that sometimes a component

can have a greater magnitude than the resultant.

EXAMPLE | 2.3

Determine the magnitude of the component force F in Fig, 2—13a and
the magnitude of the resultant force Iy if Fg is directed along the
positive y axis.

Flg, 2-13

SOLUTION: The parallelogram law of addition is shown in Fig. 2-13 b, and the
triangle rule is shown in Fig. 2-13 ¢ . The magnitudes of Fr and F are the two
unknowns. They can be determined by applying the law of sines.

F _ 2000b Fp 200 Ib
sin 60°  sin 45° sin75°  sin 45°
F=2451b Fp = 2731b
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EXAMPLE | 2.4

It is required that the resultant force acting on the eyebolt in Fig, 2-14a
be directed along the positive x axis and that F> have a minimum
magnitude. Determine this magnitude, the angle #, and the corresponding

resultant force.

Fy= 800N

Fig. 2-14

Answers: Fr=400N , F, =693 N
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| |FUNDAMENTAL PROBLEMS*

Fi-1. Deaermine the magniide of the resullant fofce II-4  Resolve the 306 farce IO compobenls along the
actingon the seeew 230 aid ik disoction measured clockaise W and & axed, and determine the magndiude of eads of these
fromy the ¥ axis CoOMmpIcnis

Lo I2-1

Fi-4
Fi-I  Twm foness act on fhe book, Determine the magratuste s o
OF B e i B . -3 The fovez F = 430 1b acls on the . Fame. Heolve
this ferce inle componcnts acting along members A8 and
AC, nnd determine the mognlinde of cach conponent.

MM

Sy M 2

Fi-%  Dererming the magnitade of the resuliont Foree

and s dirgction messured counterchckwise om he

pomitive ¥ ais Fi=fh I force Fis i havea |.‘|.r:|'|||'ml:|l.'|1L.'.|l|.||:'|g!i|‘||.'n'.'|.'l:iﬁ|.'rr
F,=& kN, defermune s oagnitude of Foamd e
magnitude ot its component Fy alone the p axis

F-3
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“omews

2-1. Determine the magnitude of the resultant force
Fp = F, + F, and its direction, measured counterclockwise
from the positive x axis.

F, =2501b

F;=%51b

Proh. 2-1

2-2. R = a0 and F = 450 M. determing the magnitude of
theresultant force and its direction, measured counterclockwise
from the positive x axis

2-3. If the magnitude of the resultant force is to be 500 N,
directed along the positive y axis determine the magnitude
of foree F and its direction 8.

Probs, Z2-2/3

*2—4. Determine the magnitude of the resultant force
F; = F, + I, and its direction, measured clockwise from
the positive i axis.

2-5  Resolve the force Iy into compeonents acting along
the w and v axes and determine the magnitudes of the
cnmpcments.

26, Resolve the force F; into components acting along
the w and v axes and determine the magnitudes of the

components.
#

45

F,=S00N Y,

Prohs, 2-4/5/6

2-T. The vertical force F acts downward at A on the two-
membered frame. Determine the magnitudes of the two
components of F directed along the axes of A8 and AC,
Set F = 500N,

*2-8. Solve Prob. 2-7 with F = 350 1b.

Probs. 2-7'8
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2-9. Resolve Iy into components along the & and v axes
and determine the magnitudes of these components.

2-10. Resolve F, into components along the w and » axes
and determine the magnitudes of these components.

213, Force F acts on the frame such that its component
acting along member AR is 650 lb, directed from B towards
A, and the component acting along member BC is 500 |b,
directed from B towards C. Determine the magnitude of F
and its direction #,. Set & = 607

2-14. Force F acts on the frame such that its component
acting along member AR is 650 |b, directed from B towards
A. Determine the required angle ¢ (0° = & = 90%) and the
component acting along member BC. Set F = 8501b and
& = 30°

Prohs. 291

2-11. The force acting on the gear tooth is F = 201b.
Resolve this force into two components acting along the
lines g and bb.

#2312, The component of force F acting along line aa is
required to be 30 Ib. Determine the magnitude of F and its
component along ling bb.

Prohs. 2-11712

Prohs. 2-1¥14

2-15  The plate is subjected to the two forces at A and B
as shown If # = 60°, determine the magnitude of the
resultant of these two forces and its direction measured
clockwize from the horizontal.

£2_16. Determine the angle # for connecting member A to
the plate so that the resultant force of Fy and Fg is directed
horizentally to the right. Also, what is the magnitude of the
resultant force?

Fy=8kN

Fp=6kN

Prohs, 2-15716
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2.4 Addition of a System of Concurrent Coplanar Forces

When a force is resolved into two components along the x and y axes, the
components are then called rectangular components. For analytical work we can
represent these components in one of two ways, using either scalar notation or

Cartesian vector notation.

Scalar Notation: The rectangular components of force F
shown in Fig.2—15a are found using the parallelogram law, "
so that: F =F, + F,. Because these components form a right . /
triangle, they can be determined from, fr

F.=Fcoseo and F,=Fsineo Fr

Instead of using the angle o, however, the direction of F can
also be defined using a small “slope” triangle, as in the
example shown in Fig. 2—15 b . Since this triangle and the
larger shaded triangle are similar, the proportional length of

Y
-

the sides gives:

5:‘_ or F, = (i) - a Y

F C c F
(b)
and Fig, 2-15
F (b
_-"=E or Fx'__F(?>
F <

Here the y component is a negative scalar since F), is directed along the negative y
axis.
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Cartesian Vector Notation: It is also possible to represent
the x and y components of a force in terms of Cartesian
unit vectors i and j . They can be used to designate the Tt
directions of the x and y axes, respectively, Fig. 2—16. F,

Since the magnitude of each component of F is always L
a positive quantity, which is represented by the (positive)
scalars F, and F) , then we can express F as a Cartesian Fig. 2-16

vector ,
F=F.i+F,j

Concurrent Coplanar Force Resultants: We can use the method just described to
determine the resultant of several Concurrent coplanar forces. To do this, each force is
first resolved into its x and y components, and then the respective components are
added using scalar algebra since they are collinear. The resultant force is then formed
by adding the resultant components using the parallelogram law.

For example, consider the three concurrent forces in
Fig. 2-17 a , which have x and y components shown in
Fig. 2-17 b . Using Cartesian vector notation , each
force is first represented as a Cartesian vector, i.€., "?\ F,

Fi=Fii+F,] *
Fy=-Fo i+ Fy]
F3 = F1 'F3yj
The vector resultant is therefore, .
Fr=F + F, + F;
=Fi i+ Fyj-Fui+Fyj+tFs5i-F;5]
= (Fix-Fou+ F3) i+ (Fy,+ Fyy - F3) ]
= (Frol + (F))
If scalar notation is used, then from Fig. 2—-17 b , we

Fay

have:
(_)+) (FR)x:le'F2x+F3x
(1) (Frhy=Fyt+Fy-Fy
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These are the same results as the i and j components of Fg determined above.

We can represent the components of the resultant force of any number of coplanar
forces symbolically by the algebraic sum of the x and y components of all the forces,
1.e.,

[FR-].J.' = EFr

2
[FRJ_-.- = EF; {‘_ 1}

Once these components are determined, they may be
sketched along the x and y axes with their proper sense of _
direction, and the resultant force can be determined from '
vector addition, as shown in Fig. 2—17c . ‘T‘

From this sketch, the magnitude of Fy is then found from i F,),
the Pythagorean Theorem,; that is,

3 (e)
Fp = V(Fgl + (Fply

Fig, 2-17 {cont. )

Also, the angle 6, which specifies the direction of the resultant force, is determined

from trigonometry:
(F RJ_r

[FRJ.r

|

# = tan~
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EXAMPLE | 2.5

Deteraning the 8 dmd v components of Fy and F; actmg oo the boom ¥
shown in Fie Z- 15, Express each foece as o Corlesinn vedor,
Fy=100MH
SCLLITRON
Scalar Notation, By the paralleldgram ks, Fy is resolved into £ and iE
y components. Fig. 2156, Since ¥ 8d5 m the —v direction, and F),
acls in Ehe +y direction. we ave x
> I3
Fi. = —=100an "N = — 100K = 100 M- I
Fi,= 20 pm 3N = | 73N = 173 K1 LT L e
Thefarce F; i resolved ito s vand 1 compone nts, as shown w Fig, 2-15:. g
Here the slope of {he line of actio for the force is indicated. Fromi this
“alope fraeaghe” we could obitain fhe aagle 8, eg.d — iu.n"r-é-].anu then ¥
procesd to determing the magnitudes of the components 1o e sums
mmreer &5 for Fp The erser met o], however consmts of usime proporbcnal £ =200H
parts of similar inangles.ie., E‘ Fiy = Moo PN
%
%
WA
Fa 12 2 |::I
—— — w = ] — | = 240
wON 1 Fa "( E " " 2
F, = Hilxin 3t N
Simitarty, b

P = :Hjﬂ(ﬁ_a.) = |ilI} ¥

Motce hOow he mogoiide of the forfloni! comiporent, Fi, Was
obtained by multiplying the force magnilude by the ratio of the
hoFizaital leg of the slope trinngle divide d By the hvpotentse; Wheroas
the mewnitude of the werficed  compo e, .l".u was obained by F =3m{ﬂ-]bi
mnu h:upigmg tha torce magnitids by the ratioof the vertical feg divided - 1%

by the hypeienese, Honce, using scalir nodation 1o ropresent these :
OOt PONENTs, wi havi Fb=_,_w{%}m 51: \

Fe=20N
Fy = 10N = 290N — :
th. — 0N = W L iz
Fhis -5

Cartezlon Veetar Motation. Having determined the magnitudes
and directions. of the compone sis of each force, we can express sach
Lo 08 0 Curlesian veotor.
Fy= {—100i + 173} N A
F— {2k — OGN ATk
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EXAMPLE |26

The link in Fig.2—1%r is subjesied to iwo forces Fj and Fi. Dietermine
i ihe magnitude and direction of the resultant force.

Fy = 4NN Fy=wis

SOLUTIOM I

Scalar Motaton. Fiml we resolve each force mio ils © oand »
X compononts Fig 2-1 %0 thonwe sum these compenents algsbrassalby

= (Fgl, = ZF:~ i Fgl, = AN} cos M N — 406 sind 5 N
() = 2364 N —
+T(Fph, = ZFy 1Fgl, = 600 sin 30° N + 400 cos 45 N
= SEZHM]
The resuliant force, shown in Fiz, 2-15¢, bas a mognicedy of

Fy = a00N F =80y

Fp = V(1368 N)P + (S52Z8 NP

- GIPN Ara

Froam the vector additon,

ik _,(jﬁ:z.:-!: N
L

= !:’-Ei.Pi]'-I] = G718 A

SOLUTIN 1
Cartezian Voctor MNotation. From Fig 2-19b, sach force f5 first
exprassed asa Carlegian vector,
Fy, = {600 cos 30% + &0 cin 307 b N
Fo= {400 sn 4575 + {0 cos 457 N

Thin.
Fp=F; 4+ Fy= [6Meos HF N — 406 sin 45" M
+ [0 gl MF N+ 400 cos #57 N
= [23685 + SK2E]IN

The magnitnde and dircction of Fg are determined in the same
meannEr a8 batore.

HNGTE: Comparing Lhe bwo methods of solution., notice that the use
of stalar nolation i more elficient sose e eomponents can be
found directfy. without first having (0 cxpress coch foroe as a
Carlosiom vector belore sdding e compoments, Later, owever, W
will show thal Carteslan vector andlvsis is very beneficial for solving
three-dimensional problenes
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EXAMPLE | 2.7 '

Theend of the boony ¢ in Fig. 2200 is suljected to three concurrent
and voplanar forces. Defermine the magnifwde pnd directon of the
resuliant force.

SCGLUTION
Each force is resolved tnto its x and v components, Fig. 2200, Summing
the v composents, we have

Loikgl, = £F  (Fgk

—400 N + 2505in 45" N — 200{2) N

— _BIN = IRIIN ~
The negative sign indicates that Fg acts to the lelt, iein the negative
L darecliod, 95 roted By Uhe soall areow, DEVIOLSEY, This 0Ccurs Deciise

Fy wield Fy oin Py 2-200 combrifaite o presiter pill to the lell than F;
which pulls tothe right. Summing the y components vields

+Tifp, =EF;  (Fgl,=250cos 45N + 200{z) N

= 2sENT
The resuliant Force, shown in Fig 2-20¢, has a magriiade of
Fy= WI-MIUINF + (2068 N i i
T

=485 N A

Froum the Vedtor wddition 1 Fig 2-20c, the thirection aagle & i P
o : x
Y ) AREIM ¥
= | == i § e
o=t {JE_HJ e o

NOTE: Applcation of this metlsd s more convenlent, compared lo ich
using two applicatioos of the parallelogram kv, first w add F; and F- i, 230

thien mdding Fy fo th s resultant,
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| [FUNDAMENTAL PROBLEMS

FI-T, Resolvie #ach Force acting om Ehe post inlao ity sl
CRRRTIT e TR
T

F, = Mo N
Fa= 450N

F2-7
I'I-4 [Ceslermine the magnitode and dfrechon ol the
resiliam] fonss

20N

¥
|
| oM

F2-H
FIAk [etermine e mogmiude of the resnltant fome
acting on Ihe corbel and s dirécthan 9 messarsd
oLtz bock wise from the raxs

¥

Fi= AR [

F, =T ih

Fi-%

Fi=tw.  [ithe resultand force acting on the hracket is 1o be
Tk M dirscted along the pesitivd x axls deermming the
migmituc o oof Foand ils direction 8.

Fi_in

FI-10 B the mogmitude of the resuliand lorce acling on
the bracker is to he HG b directed niomz the o oxs
determing the magnitude of Tand i direction 4.

Fi-11

FI=1E  Determine e mapmitude of the resultanl fooes
ard s direction & medsured conmeredckaime rom e
posiline 1 Ak

Fi-12
L B
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*3-82, Dyiarming the ¥ and p components of the 200-b

fonrs.

¥

Froh, 2-132

238 Determine the magutude of the resaltam boroe
and ity dieection, meatured counterclockwise [rom the
prsifive ¥ axis

Fo= ThIkN

F =#50N

Prol, 3-53

“eeomews

-3 BReselwe By and F; into thedr v and v componants.

A5 Dretermine the mopniinde of the emiblant (o
and Qs directaon measured oomierclockwise o the
posilive ¥ atis

£y = 250N

Frobs, 154018

“A-% RBesulve gach fome noting on the gusset plale into
its ¥ and p components and exprse cach force as a
Cartesian vector,

217 Determine the magmivde ol the resubianl foros
wding on Lhe ple and s direction, measured oouanter-

cleckywise fronk the positive v axis

Probe, I-303T
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¥2-52, Dretermive the magoitude of fomce T oso thal te
rzsultan: kg of the three forces is as smazll as possiblz. What
is the minimum magnitude of Fg?

Sk

4k
I'rob. 2-52

253 Determine the magnitude of foree I oso that the
resnltant foree of the three forees is as small as possihie
What i= the magnitude of the resultant force?®

14 kN F

Froh, 2-53

-5, Three forces act on the bracket Determing the
magniide ard directicn 3 of F; sc that the resultant foice
is directed along the positive x' axis and hzs a magnitude
af 1 kM.

2-5. IEF — 300N and @ — 20F, detcrmine the magnitude
and direction, measured counterclockwise from the x° axis, of
the resultant force of the three forces acting on the bracket.

Probs. 2-24/55
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2.5 Cartesian Vectors (Vectors in 3-Dimensions)

¢ Right-Handed Coordinate System: We will use a right- z
handed coordinate system to develop the theory of vector
algebra that follows. A rectangular coordinate system is said
to be right-handed if the thumb of the right hand points in the }\
direction of the positive z axis when the right-hand fingers are = =
curled about this axis and directed from the positive x towards

the positive y axis, Fig. 2-21.

e Rectangular Components of a Vector: A vector A
may have one, two, or three rectangular components along
the  x, y, z coordinate axes, depending on how the vector £
is oriented relative to the axes. In general, though, when A
is directed within an octant of the x, y, z frame, Fig. 2-22 ,
then by two successive applications of the parallelogram
law, we may resolve the vector into components as: .
A =A"+ A, and then A' = A, + A, . Combining these .,_.___,'.‘__
equations, to eliminate A', A is represented by the vector gl I

sum of its three rectangular components, v A

A=A+ A, +A, (2-2) k

e Cartesian Unit Vectors: In three dimensions, the set of
Cartesian unit vectors, i , j , k , is used to designate the
directions of the x, y, z axes, respectively.

The positive Cartesian unit vectors are shown in Fig. 2-23.
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e Since the three components of A in Eq. 2-2 act in the

positive i, j , and k directions, Fig. 2-24 , we can write A in

Cartesian vector form as:

A=Ai+A,j+A4k (2-3)

e Magnitude and direction of a Cartesian Vector: -
. .
As shown in Fig. 2-25 |, from the blue right triangle, i,'r" N.
4 N
. . A
A= VATy AL > and from the gray right triangle, f’ |
i ;
Y
A= VAT /
| A el 1
.. . . Ve AjLTN | A .
Combining these equations to eliminate 4' yields: L AN
S—A—
‘4 — '\f{-"l_'z il _43 b .'ig {2_-1_] Fig. 2-25
e Now the direction of A will be defined by the coordinate Ak

measured between the tail of A and the positive x, y, z axes

provided they are located at the tail of A , Fig. 2-26 and Fig.
2-27.

direction angles o (alpha), p (beta), and y (gamma), )\

p

= =

¥ 1 - i
oS = — cosf3 = — cos v 2-5 r
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These numbers are known as the direction cosines of A. Once they have been
obtained, the coordinate direction angles a, £, and y can then be determined from the

Inverse cosines.

e An easy way of obtaining these direction cosines is to form a unit vector u 4 in
the direction of 4 , Fig. 2-26 . If A is expressed in Cartesian vector form,
A=4i+A4,j+ Ak, then u, will have a magnitude of one and be dimensionless
provided A is divided by its magnitude, i.e. :

A A, | Ay | .\ A;k 2.6
lIA—A = AI AI A L

Where: A = VA2 + A? + A2
By comparison with Egs. 2—5 , it is seen that the i , j , kK components of u, represent
the direction cosines of A , i.e.,

u,=cosaitcosfj+cosyk 2-7)

Since the magnitude of a vector is equal to the positive square root of the sum of
the squares of the magnitudes of its components, and u, has a magnitude of one, then
from the above equation an important relation among the direction cosines can be
formulated as:

) 2 2 9.4
cos“a + cos” B + cos*y = 1 (2-8)
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Finally, if the magnitude and coordinate direction angles of A are known, then A

may be expressed in Cartesian vector form as:

A= AUA
= Acosai + Acos B + Acos yk (2-9)
= Ajd + Ayj + Ak

2.6 Addition of Cartesian Vectors

Let A=4i+4,j+AkandB=5,i+5B,j+BKk, 4, + Bk
Fig. 2-29 , then the resultant vector, R , has
components which are the scalar sums of the i, j and R
k components of A and B, i.e., | >B
(A, + Byj
R=A + B = (4x + Bx)i + (Ay + By)j + (4z + Bz)k A
If this is generalized and applied to a system of (Ay + By
several concurrent forces, then the force resultant is J[/
the vector sum of all the forces in the system and can Fig. 2.29

be written as:

Fr = SF = 3F,i + 3F,j + SFk (2-10)
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ST P ——

Express the force F shown i Fig 2-20 o5 a Cortesian vector,

SOLUTIOM T
Since only two coordinaie ditection anples are specdied, the third

aigle o must be detérmlned from Bg. 2-8: e,
3 3 F=20N
st + ot B ety = 1

cost o + ool B0 + st 45" = |

poia = V1 — (057 — (0707 = Tos
Hewee, bvo possibilities exist. namvely, ;
a = oo 08 =6F  or o= (—05) =2 5
By insgection i & oecessary that o = 60°, since Ty miast be in the +x

direction,
Llsing Eq. 3-89, with £ = JHeEMN, we have
F=Fewsai+ FeosBj + Fomeyk
= (200 cos 607 MO+ (200 cos GO MY+ (200 oo 457 Nk
= {1H + 10005 + 1404k} ™ drs
Show that indecd the magmitudes of F = XM,

EXAMPLE 2%

Cre permnimee Liee crsrgmibude aomed P coording e direviion angles of Uhe
resuftant forse acting on the ring in R, 2-31a.

2 By — (50 — A0 + 18006} b, £

&
Fy = | + K] B Vr\

Fig 2-31

Ky = oI = T00f + TN T

{nl

SOLUTION
Sence coch [oave s represcoted is Caosian voct Do, dhe cosolLaog

toree, shown w Flg. 2-315 15
Fx =ZF =F, + Fa= {60 + B0k }1b + {308 — 100§ + 100k Hb
= {504 — 10j + 120k}B

The magninde of Fgis

Fy = Wis01bi + (—40 16y + (180 by = 191 01k
= 101 b §ies
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The covrdinate dirvection angles o, B, v are detcrmined fom s
components of the unlt veetor acting ln the direction of Fg.

_F_re_ﬁi}' 40 180

g = = g
o7 Fp 1910 o) T Toro
= 026171 — 0.2094] + 022K

so thint
cos e = 0.2617 a = 48" LFn
ons 3= AL g o= 102 L res
oy = 00432 ¥ = 9.6 A

Thesz anggles are shown in Fie 2-315

MOTE: In partieular, notice that @ = 90° since the | component of ug,
i negative. This seems reazonable conmidering how Fy and F; ackd
accorcding to the parallelogram |aw

EXAMPLE

Express the force F eéhown in Fip 2-300 85 a Cartesian vastor, x

SCALLITHIN E o L i
The angles of 6l and 457 defnim the drectien of Fare sod coonbnole
direction angles. Teo saccessive applications of the parnllelogrom law
arc necded o rosobve Fintoits 1, v 2 componcnis. Fiml F = F° & I

iben F' = F, + F _Fig 2-32f By trgamomet ey, e maimitades of the 5
COMPONEnts ATe
F. = 100 sin 6F Ib = 36,6 |b rff
F* = 1 cos 87 Th = S50Th . -
Fo=Fend® = a4 = 34k

Fy= Flain4s® = 50ain 45 h = 354 |h

Bealizmg thet F, has a directon delived by -, we ave
Fou il i
F= {354 — 3545 + dnek} b L

Tow showe that the megnitads of this vector is indeed 100 b, apply

Eq. 2-4,

F=Wrt+Esn8

VESAT + AS4T 4 (aeed = 1000
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EXAMPLE | 2291

Twa forces act on the hook shown in Frg 2-330. Specily the magnitude
K of Fy and its goordinate direciion angles =0 that the resuliant foree Fjy
acts along the positive v axis and hos & magnibude of 2EF N,

SOLUTION
T sodve this problem, the resultant fores Fp and il= two componcids,

F, and 1'-.., will each be cxpressed in Cortesign vecter form, Then, oz
o Fie 3 1%h i quosmsmri i I — B L1

AORAED BT 1S ool 5.5 1% s HiwiEt o | et Pl o
Applving Eq. 2-9,
F, =Fcosogi+ Fieos B |+ F, cos ik
= AU cos 457 0+ 300 cos 60F § + 300 cos 1207k
= [2121i | 15§ 150k]N
Fy = Fyi + Faj + Frk
Singe Fg has a magnitade of 800 M and actz 0 the -+ direction,
Iy = (ROOMK+)) = {8005} N

We require
Fy= T N Fr=F, +F,
BOO] = 213,10 + 150§ — 180k + F i + Fpj + F.k
BOD = (2121 + Fy W + (13 + 1-1'u + {— 150 + F‘ ik

__d_.-F""F Tes ml::l':,' thies eqution the & j, k components of I'R must bhe cqual Lo
= the corresponding i j. k components of (F; + I5). Hence,
Fy="3nH w ' "
s J D=221 +Fy Fi=-212IN
{h) 80 = 150 + Fy Fy, = 50N
Fig. 2-33 0=-130+F, Fi=1%0N

The magnitmde of Fs s thus

F, = V{2121 Nj* + (BS0NE + (150N}

= TO0 M sl
W can use Eq. 2-9 10 detenmine op s, 72
SOE &y = _f‘l:;'i. oy = 1087 Al
cog B, = %z B, = 1E Lenk
Citk Yy = % v = TI6 At

These resulis are 2hown in Fig, 233,
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| [FUNDAMENTAL PROBLEMS
Fa-1%  Detemme the coorlinatg divection aneles of FI-10  Expres tee foree a8 & Carlesan veor.
e,

F2-li

o 12-17.  Expressthe force as & Carlesan vecior.

[ B E

Fi-I4.  Express il force oo Caesian vesion,
- F=5HN

F2=1]

[2-16. Determine the resultant foror acting on the hook.

z
FI-14 . r-ﬂ'

FI-15  Express the foceas o Cartesian vecior.

(2]

| __,.-"i-
| F R e

Fi-i#
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2vh,  Express each force acting on the ppe assembly 3T The beam iz suhjecied to the two forces showm
Cartecian vector form. Express each force in Cartesian veetor form ard determins

. . R the  mugnitode and coomdinate diveation angks of e
-0t Delerming the magniteds and ithe direction of the |¢=»'||Jm|ﬁ Py >
pesuleant foree acting on the pips sssembly,

Fy = 25010
P

Fom fii 0 Frads, 1-T

Prodes, BT

2Tl U the sesublant foree achng on the boxkel w=

directed along the pasiive v axe determine the maxgnitndes

] i Jarti

Lk E ¢ ench fores as 5 Cartesany -].1{ Lilv:lr:;llunilui'u ci gl the coordinate daection anghes ol
ROV I L= :

24, Desterming the megnitde and coordinate direcion

anplos of the esabann foree setiog on o kook,

= 4

Fa= 0N Fmali

[ LT O (1 0 Fras. 2-T1
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*-TE A Toree T ois appdied ac thie opeof the ower s A, 1f
it acts in the direction shoswn such thot one of fis coampom=nts
Isang in the shaaded -z plame has a magnitude of S 1k
debermmme iix magniinde F and coordmate divscteom ansbes

w, By

Prof. 2-72

2T Th= ST DEAr 15 !:I:Ihiﬂ.‘l:!ﬂ to the twa forces caused

by contnct wath other pears, Express esch force as n
Cartesian voclor.

=T The spow gear s sobjected o the tao fues cansed
by contact with other gear Determine the resultant of the

twn forecs amd express the result as a Cartestan vector,

=0

FI llll'-.. :—'F '|,|'-||-'

2-T5, Dherermine  the coodinge  direction angles of
foroe ¥

3-Th, Deternune the meagnatwds and coordinate disection
angles of the resulinnt fores achng on the eyebolt,

Fi=6nN =

Prolis, X=T5ThH

13T, The cables atfacled to the seres ey pre subjecied
iee the three forces shown. Express each force in Cartesian
vector fonm and determine the moagnitode ond coordinate
dipection angles of the resuliant foree,
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2.7 Position Vectors:
In this section we will introduce the concept of a

position vector. It will be shown that this vector is of
importance in formulating a Cartesian force vector

directed between two points in space.

x, y, z Coordinates, we will use a right-handed
coordinate system to reference the location of points in
space, Fig. 2-34. Points in space are located relative to the

origin of coordinates, O , by successive measurements

along the x, y, z axes. For example, the coordinates of
point 4 are obtained by starting at O and measuring x, = +4 m along the x axis, then
v4 = 12 m along the y axis, and finally z, = - 6 m along the z axis. Thus, 4 (4 m, 2
m, - 6 m). In a similar manner, measurements along the x, y, z axes from O to B
yield the coordinates of B, i.e., B (6 m, -1 m, 4 m).

Position Vector, A position vector r is defined as a fixed vector which locates a
point in space relative to another point. For example, if r extends from the origin of
coordinates, O , to point P ( x, y, z ), Fig. 2-35 a , then r can be expressed in
Cartesian vector form as:
r=xi+yj+zk

Note how the head-to-tail vector addition of the three components yields vector r ,
Fig. 2-35 b . Starting at the origin O , one “travels” x in the +i direction, then y in
the +j direction, and finally z in the +k direction to arrive at point P (x, y, z ).

i~
=4

L]
[
-

e

o

4
=
-
b
i+

E

0 ¥ " - 0L

2= =1~

L e ¥i

(a) (hj
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In the more general case, the position vector z
may be directed from point 4 to point B in
space, Fig. 2-36 a . From Fig. 2-36 a , by the _ e .t
head-to-tail vector addition, using the triangle i e '
rule, we require:  h

rA+r:rB /

X

Ig

(2]

r=rp —ry = (xpi + vpj + zgk) — (x40 + v4j + z4K)

or

r= (g —x)i + (vg — va)i + (zg — 2k (2-11)

We can also form these components
directly , Fig. 2-36 b , by starting at 4

and moving through a distance of - - i | S
(xp - x4) along the positive x axis (+i ), i s o TS
then (yp - y,) along the positive y axis  ivg—x i =" | =

(+j ), and finally (zz - z,) along the F. 3 vy — vall

positive z axis (+k ) to get to B . i

LiY]

Pig. 2-3
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EXAMPLE P12

A elastie rubber band s attached o0 poinis A and B as shown in
Fig, =37 Deiermine iis length and s direction messured from

A toward B,
2m -] 3m
i o SOLUTION
fotm We [irst establish a posinon veclor from A to 8, Fip 2-37h, In
k soeordance with Eg. 2-11, the coordinates of the tml A71 m 01, =3 m)
ate subleacted from e coordinates of the bead S=2 m. 2 m. 5 m},
which yviclds
r=[-2m- lnifi+ 2m—0]j+ PFm— (-3 mik
w = {-3 + 2j + 6k} m
r B
A These componcnls of #can abko e determined direcily by roalizing
that they represent e divection and distanee one most travel along
e | 6k cach axis in order 1o move [rom A wo B, ke along the o axs | =3i] n,
’,.f'? alone the v axis |2§] m, and finally along the 7 axes |G m.
r/ e 4 The kength of the mbber band 15 theretore
x e / ; - ; -
[2§] m F=%{=3mF +i2mF + (hmf =Tm A i
FTI=1im
A . - .
b} Formulating s wnit vecior i the divection of rowe have
i = : = - 1 -+ E +£
’ M= ?I ,J,_Ii 3 k
’ ;’I The components. of this unit vector give the rordimate direction

angles

P 3
V=AY o -::m"(——) = |45 Ans
R H=Ta40 T

Ir = ‘P L ’
i1 f//l}—l— Y 5
A B=cos —): 3,44 o
K T
il
Fig -7 = cm"(%) = 314F A

MNOTE: These angles are meassved [rom e posintee aees of a localioed
coordinate svstem placed af the il of roas shown in Feg 2-37c
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2.8 Force Vector Directed Along a Line

Quite often in three-dimensional statics
problems, the direction of a force is specified by
two points through which its line of action passes.
Such a situation is shown in Fig. 2-38, where the
force F is directed along the cord AB. We can
formulate F as a Cartesian vector by realizing that it ; y
has the same direction and sense as the position
vector r directed from point 4 to point B on the d
cord. This common direction is specified by the unit
vector u = r>r. Hence,

*

H-‘ fxg — i+ (g — i+ ilg —ok
= i . 1 o
VW g — )+ O — )+ o — 20

.-‘—-—-l.

F=Fu-= H::\:I

The Joree F actmp alonp the mope can be rep-
resented axa Carlesian vector by esublishing
K T oangs anel s forming o posiies vechor
F akwng the kngth ol the rope, IBen ke oor
responding anil veclor m = r,'r that delimes the
direction of bogh the rogez and ke [oree can be
thelemuned Fnlhy, the mbpratode of the fomee

is oombemed with Gty direction, F F

Important Points

¢ A position vector locates one point in space relative to another point.

e The easiest way to formulate the components of a position vector is to determine
the distance and direction that must be traveled along the x, y, z directions—going
from the tail to the head of the vector.

¢ A force F acting in the direction of a position vector r can be represented in Cartesian
form if the unit vector u of the position vector is determined and it is multiplied by
the magnitude of the force, i.e., F=Fu=F(r>r).
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EXAMPLE | 2.13

z The man shown in Fig. 2-3% pulls on the cord with a force of 70 b,
Represent this force acting on the support A as a Cartesian vector and
determine its direction.

AL
. 'fm”% SOLUTION

e — Force F is shown in Fig. 2-39b6, The direction of this vector. u, is
Vi determined from the position vector r, which extends from A o B.
/ 30h Rather than using the coordinates of the end points of the cord, r can
/ be determined directly by noting in Fig. 2-3Yg thalt one must travel

_,’r |—8 fi—] from A {—24k} ft, then {—8j} ft, and finally [12i] {1 to get o B. Thus,

f
r={12i — 8 — 24k} fe

The magnitude of r, which represents the length of cord AB. is

e V,fi.'lﬂjz + (—8 ft}ﬂ =T ﬁ}z = 78 ft

Forming the unit vector that defines the direction and sense of both

(a) r and F, we have
5
z u=£=£i—£j—ﬁk
roo28 28 B
4}‘ Since F has a magnitude of 70 Ib and a direction specified by u. then
¥ "
B) F=Fu=T0Ilb IzI 8, 24]:)
F=1T01b = 2% 289 28
= {30i — 20j — 60k } Ib Az
The coordinate direction angles are measured between r (or F) and
the pasitive axes of a localized coordinate system with origin placed at
A, Fig. 2-395. From the components of the unit vector:
12
(h) a = cos! (E) = 64.6° Ans
Fig. 2-30
—8
B= CD‘S_I(E) =107 Ans
=] =24 o
¥ = Cos eal 1449 Ans

NOTE: These results make sense when compared with the angles identi-
fied in Fig. 2-395.

Prepared by: Ass. Prof. Dr. Ayad A. Sulaibi



UNIVERSITY OF ANBAR
COLLEGE OF ENGINEERING
DAM & WATER RESOURCES DEPT.

Lngineering Mechanics - STATIES

EXAMPLE | 294

The force in Fig. 2-40q acts on the hock. Express it as a Cartesian vector.

I

1 %';’\ B
()Em)  A2m0,2m) Ty

B(-2m, 3464 m, 3 m)

fa) (bj
Fig, 2-40

SOLUTION
As shown in Fig. 2405, the coordinates for points 4 and B are

A2 m. 0,2 m)

L psrrn (a2

B{—2 m, 3464 m, 3.m)

and

or

Therefore, to go from A to B, one must travel {—4i} m, then [3.464j}
m, and finally {1k} m.Thus,

. (rﬂ) {—4i+3464) + Ik} m
===
8/ V(—4m)P + 3464 m) + (1 m)*

= —0.7428i + 0.6433j + 0.185Tk
Force Fg expressed as a Cartesian vector becomes

Fp = Fpuy = (750 N)(—0.74281i + 0.6433) + 0.1857k)

— [—557i + 482i + 139k} N Ans
{ j
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EXAMPLE | 2818

The rool 1= supporied by cables as shown i the phodo 0T the cables
el fomges Fyg = N aml Fyr = 120N on e wall ook o A as
shown i Fig. 2-41q. determine the resultant fores aciitg at A- Express
[he resull as @ Cartesian vector.

SOLUTION

The resuliant force Fy B shown graphically m Fao 2-116 We can
express this force ns 6 Caresaan vector by fivst formukaiing Fag and
Far o Cartcsinn vectors and s adding then componcmis. The
directions of ¥z and F - are specificd by forming uml vectors wyg
and wye abong the cables These unit veclors are obtamed from the
asaocialed position vectors pyg and rye With veference wo Fg 2-41a.

e

to g from A w 8. we st ravel {—4k )} m.and then {40} m Thus,
A
— ryy = {4 — 4k} m
Fp— 100 - : e ;
a5 F = IR e fap = Widmi + (—dm) = $66m
:' L N 4. }
i ;,{/ Fop = {707 — 707k} N
s a3 To o froms A 1o Cowe muost irsvel { =4k} mothen {25} oo and finally
T, [4i} - Thus
1
1al

Fie = {8l + 2 —dk} m

Fae = Vi4meE + 2mf + (—4mf =6m

1',1:) = t:-l F ! )
Eal—1={l20M1 | -1 += —=k
Al ("A i ] & E'j &

i

{506 + 40j — 80k } N

; The resaliant Force s therefore
Fo= Fop + Fie = {707 — 707k} N + {805 + 40 — 80k} N

= {15k + #0j — 151k} N A

(L]
Fig. E-41
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. FUNDAMENTAL PROBLEMS

F2-1% Express-the postion vecior vy imo Cartosian Fi-21, Exprezsthe force as o Cartesing yector,
seton form. then detemiine it mapniiode and coordingis
threction angles

Fi-1% F-22

FI-20.  Determine the lengls of e pod sid dee pesitlon Fi-Ih  Dietermisg the magmitde of the resaltant (o
vecior directed from A o 8, What is the nnplo 47 wt A

FI-21.  Express the force asn Carlesion yector,

v
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CHAPTER-3
Equilibrium of a Particle

CHAPTER OBJECTIVES:
m 7o introduce the concept of the free-body diagram for a particle.
m 7o show how to solve particle equilibrium problems using the
equations of equilibrium.

3.1 Condition for the equilibrium of a particle.
A particle is said to be in equilibrium if it remains at rest if originally at rest, or
has a constant velocity if originally in motion. To maintain equilibrium, it is
necessary to satisfy Newton's first law of motion which requires the resultant
force acting on a particle to be equal to zero. This condition may be stated
mathematically as:

Where ZF is the vector sum of all the forces acting on the particle.

3.2 The free body diagram
A drawing that shows the particle with all the forces that act on it is called a
free body diagram (FBD).
We will consider a springs connections often encountered in particle equilibrium
problems.

Springs: If a linearly elastic spring of undeformed length 10 is used to support a
particle, the length of the spring will change in direct proportion to the force
F acting on it, Fig 3.1. A characteristic that defines the elasticity of a spring is
the spring constant or stiffness £. The magnitude of force exerted on a linearly
elastic spring is stated as:
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F=ks
Where:

s = [ - Iy, measured from its unloaded position.

Cables and Pulleys: All cables (or cords), unless otherwise
mentioned, will be assumed to have negligible weight and they
cannot stretch. Also, a cable can support eonly a tension or
“pulling” force, and this force always acts in the direction of the
cable. It will be shown that the tension force developed in a
continuous cable which passes over a frictionless pulley must have
a constant magnitude to keep the cable in equilibrium. Hence, for
any angle u, shown in Fig. 3-2 , the cable is subjected to a

constant tension 7T throughout its length.

s =g o SRS ST . JES R ' _ iE LY
Lk & 1 L L L | | - Rt ¥y =5 el

Amce we must accounl for aff #he forees aciing on te partecle when
applying the cgoations of equilibriom. tee fmgpostance of first
drawing a free-body diagram canbot be overemphaciced To constroct
 free-body dmgram, o following three steps are noossany,

Diraw Chitlimad Shapea

Tmagine the particks io be irolwed or cut “Tree” from its surmoundings
by dravwhing ils outlined shagwe.

Show Al Forces,

Linficate oo Uds sketch alf tee forees st act on e perticte. Thess
forges can be aotfve ferces, which temd 1o sel the particle in maotion,
of they can be peacrive forces which are the resulf of the constraints
or supports that tend to prevent motion, To sccoant For all thess
forces, it may be helphal (o trace arownd the partiche®s boundary,
carefully noting snch force octing om i,

dentify Erxch Force

The forccs that are Kmows should be labeled with their propes
magnitudes and directions. Letiers are used o represent the
magnitiades and directions of forces that are unknown.
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Fig. 3-2
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aijiead tha weaght of the backel Hy
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i 2o T diagram shorws that these
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EXAMPLE |31

The sphere in Fig. 3 3a has a mass of 6 kg and is supported as shown.
Draw a free-body diagram of the sphere, the cord CE. and the knot at C.

Feg (Force of cord CE acting on sphere )

fa)

589 N (Weight or gravity acting on sphere) SOLUTION
®) Sphere. By inspection. there are only two forces acting on the sphere,
namely, its weight, 6 kg (9.81 m/s”) = 58.9 N, and the force of cord CE.
The free-body diagram is shown in Fig. 3-3b.

Fge (Force of knot acting on cord CE) Cord CE. When the cord CE is isolated from its surroundings, its
r free-body diagram shows only two forces acting on it. namely. the force
of the sphere and the force of the knot, Fig. 3-3c. Notice that F-; shown
here is equal but opposite to that shown in Fig. 3-3b. a consequence of
Newton’s third law of action—reaction. Also, Fee and Fge pull on the
cord and keep it in tension so that it doesn’t collapse. For equilibrium,
Feg = Fge
Knot. The knot at C is subjected to three forces, Fig. 3-34. They are
Y caused by the cords CBA and CE and the spring CD. As required, the
Fc¢ (Force of sphere acting on cord CE) free-body diagram shows all these forces labeled with their magnitudes
and directions. It is important to recognize that the weight of the sphere
() does not directly act on the knot. Instead. the cord CE subjects the knot
to this force.

Fyga (Force of cord CBA acting on knot)

10 W
4 F -, (Force of spring acting on knot)

Fyx (Force of cord CE acting on knot)
(d)
Fig. 3-3

Prepared by: Ass. Prof. Dr. Ayad A. Sulaibi @



UNIVERSITY OF ANBAR
COLLEGE OF ENGINEERING
DAM & WATER RESOURCES DEPT.

Lngineering Mechanics - STATIES

3.3 Coplanar Force Systems
If a particle is subjected to a system of coplanar forces that

lie in the x—y plane, as in Fig. 3—4 , then each force can be
resolved into its i and j components. For equilibrium, these
forces must sum to produce a zero force resultant, i.e.,

ZF:O Feg. -
SF,i+ZF,j=0

For this vector equation to be satisfied, the resultant force’s x and y components
must both be equal to zero. Hence,

2Fx=0 and XFy=0  ....... (3-3)

These two equations can be solved for at most two unknowns, generally
represented as angles and magnitudes of forces shown on the particle’s free-body
diagram.

Note: When applying each of the two equations of equilibrium, we must account
for the sense of direction of any component by using an algebraic sign which
corresponds to the arrowhead direction of the component along the x or y axis. It is
important to note that if a force has an unknown magnitude, then the arrowhead
sense of the force on the free-body diagram can be assumed. Then if the solution
yields a negative scalar, this indicates that the sense of the force is opposite to that
which was assumed.
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EXAMPLE [3.2

Determine the tonston in cables BA and BC neccssary to support the
fl-kg cylinder in Fig, 3—fun.

Ty = Bl (UBIY N

Bl [RET ™
{a) ({:1]

SOLUTION

Free-Body Dlagram. Due w equilibrium, the weight of the cylinder
couses the tension in cable B0 to be Ty, = 60811 M, Fig, 365, The
lorees im cables BA and BC can be delermined by mmvestigating
the equilibrivm of ring 8. 15 ree-body diagram is shown in Fig. 3-6c. The
magnitudes of T, and T,. are unknoown, but their directions are knowa,

Eguations of Equilibrivm. Applying the equations of cquilibrinm
along the x and v axes we have

B EF, = (1 Treosds — (3T, =0 (13
+ 1EF, =0 Tesind5® + (3)7, — SNOBDN =10 (2 .
Equation {1} can be written as T, = 0AR3T-, Substituting this into Tan= 60981 N
Eg. {2} viclds
Tosin45" + (1083397 — GOAN =0 i)

&0 it Fiy 3-8

Te= 47566 N = 4Te M Lo
Substituting this resull mto either Ex, (1) or Eq, {2}, we get

Ty = 420N bt

MOTE: The accarscy of these resudis,of course, depends on the accuracy
of the data, e, measurements of geometry and loads For most
engineering work invislving a problem such as (s, the data as measured
tor three significant fipures woeld be sufficient.
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EXAMPLE

L FAE T3

(b
Fig. 3=-17

The 2ikkg crate in Fig. 3<Ta s suspended using the ropes AR and AC.
Each rope can withstand a maximum foree of L kN before it breaks [f

AR alwiys remains horizonial, determing the smallest angle 8 to which
the erate can be suspended before one of the ropes breaks.

{3}

SOLUTION

Free-Body Diagram. We waill study the equilibrium of ring A. Therc
are three forces acting on it, Fig. 375, The magnitude of Fp is equal 1o
the welght of the crate. be. Fpo= 0 @RIV N = 1963 N < kN,

Equations of Equillbrium. Applying the equations of equilibrium
alomg the x and v axes

L Tr - . ” -

IF, =10 Feoos + Fy =0, Fo=—t (L
+ 1ZE = b Foiiinf — 1963 N = [} (2
From Eqg. (1), Fi- & always grester than Fp since eos § = 1. Thercfore.
rape AC will reach the maximum tensile force of 10 KN before rope AR
substituting Fr = 10 kN into Eq. (2], we get

JHKIFIN] siné — 1962 N =10
# = sin~ {1062 = 11.31° = 11.3° Lrid

The force developed in rope AF can be obtained by substiuting 1he
values Tor @ and F-into Eg. (1.
X
cos11.31°
Fy = 9B kM

KN =
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EXAMPLE (2.4

Determine the required lengih of cond AC in Fig. 3=8s so that the 8-kg
lamp can be saspended in the position shown, The gl formred kengih of
spring AR i)' = (L4 m,and the spring has astiffness of &, = 300N fm.

L : Im J
Ll - i
T
iy = 300 N o
i x( -
A Tin
W= TH5N
{a} ibp
SOLUTION i 30

If the force in sprmg AH 15 known, the streich of the spnng can be
found using F = k. From the problem geometry, i s then possible to
caboulate the required length of AT

Frees-Body Diagram. The lamp has a weight W = B0 EL) = TBS N
and 50 the free<body disgram of the ring at A 1z shown in Fig, 3-55,

Equations of Equilfbriom, Llsing the x, v axes,

LEF =0 T — Ticoos 3P = ()

+1EF, =11, Tiesin 30" — TRANM =10

Solving, we obtain
T = ISTON
Tiw= 13589 N

The stretch of spring AN is therelore

Tin = kynvan: 1359 N = 300 N /mis, g
Sap = MA33m

so the stretched length is
ha= g+ fap
L= 0Am + 0453 m = 0833 m
The horizontal distance from O o B, Fig 380, requires
2m o=l o8 30F + B33 m

'!.'H."- 1.32m Arii
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*[FuNoAMENTAL PROBLEMS

AN prodlewm seduniars st leclide ga FRI, Fa-d, The Mlock has s moss of 2 ke ond reats om the smooth

. [ ine e ched | of th [
F3-L. The crate has o weight of 55 |b, Determine the P Pt e M engthy ol Tar-prang,

fokce im cach sepporing cable

-1

F3-L The beam bame 3 welght of 70 Ih Determine the Fi5, U the mess of ovlinder € s 40 kg, detormine Ly

showrtest cahle AR that can be used 1o 1ifi ot of 1the maxionwm mass of cyboder A in order to hold the assemblv (nn Lhe
force the cable can sustain is T30 [h pusition shown. .

k3

I3

, R

Fa-2

Fi-3 11 the3-ke Mok is saspended from the pulley 8 asd
the sag of the cond is o =015 m, detemmsane the foarce in oord

ABE, Negleat the size of the pulley F3$, Determine the temion fn cables A, BT, and €8,

necessary bo support the 10kg and 15-kg traffic lights ar B
ami £, respectively. Abso, fusd the angle #,

A
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[PRoBtEMs

Al pratilem solurions s fnclude am FIRE,

31, The members of o iruss are pin conrected ol jomt O,
Determine the magnitudes of Fy and F, for eguibrinm,
Sel e = B°

3.2 The members of o tros are pin connected af jaint (2,

Diestermidng the magninsde of Fy and s anghe @ for equifibriam
Sel Fi = 6 kN

5 kM

FProbs. 3-112

33 The iRl sling is used to hoist o contiiner having @
mazs of 500 kg, Detenmine the lorce m each of the cables
Al and AC s & lunction of & 1§ the maxunuwm teoson
allowed mn each cable & 5 ki, determine the shortex) lengths
of cables A B anal AC that can be used for the 16 The center
of gravity of the container is boeated a1 (F

Prob. 33

23 4d Cords AH amd AC con ench sustom 8 masimerum
tenxion of B0 1h If the drum has a3 weight of 900 b,

determine the smallest angle @ sowhich they can be sttached
e the dnem,

35 The meembers of o s ane commected to the guswet
priase, If thie fosces are concurrent at point € determine the
osgnildes of Fand T for eguilibrim. Take @ = MF,

3h, The gusscl plate 5 subjecied o the ferces of bowr
mambers. Delermme L force in mumber & and 1ls proper
oricnioion / for squilibriom. The forces are poncarrent at
prsnd . Take F = 12 kM,

= EN
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3T The device showa w5 wsed o straighien the ames of
wiecked gulos Determing the tension of cach scgment of
the cham, e A and BC i the Torce which the bydraile
cvimder 8 exerts on pont 8 5 350 kM, 25 showa

A R
SN |
M50 pm
o7\

S mm 25 m

Froh. 3-7

"f Twoelactnically charped pith balls, sach baving 2 mess
of 02 g are suspended from ghi thoeads of eqeal length,
[ketermme the resnitanl honzontal fonce ol repulsion. F,
actmg on each ball gf the mensired dutnnoe between Lhem s
¢ = 200 mm

we o HN T ——

Froh. 3H

9, Defermine the masimum weight of the Dowerpo
that can be supporied without exceeding o cable tension of
50 b in esthar cable AS or AL

Proti. -4

3=l Determing the tension developed m wires ©4 and
OB required for equilibriom of the kg covlinder, Take
i =

310 I cable O8 is subjected oo tersion that s twice
that of cable CA, detenmine the angle & for equilibrium of
the kg cylinder. Alw, what sre the lensions in wires £4
and CH?

Priddes, 3-1W11

"3-12 The concrete pipe elbow has o welshi of 400 b sd
thes cooter of gravity is located ot poin G, Detenmine the
fomce ¥y amd the lemsion in cables BC and 50 needed o

Alpipaot r,

Prod, 3-12
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314 If Mocks I and F weigh 3 Th cach, determine the  3<15.  The spring has o stiffnes of £ = 30N /m and an
waight of block £ of he sag ¥ = 3t Megheot the saee of anstretchod keagh of 200 mm, Detormine tee foree in calile
the pulleys. B and BD when the spring s held inthe posdion show,

i 4 i 4n i I
2
HE E - = S mm
1
AT J‘
%Ki
£ ] = ; mrs
n . I

Prmbie. 1314

Frof. 3=15

Mk A d-kg sphere rests on the smooth purabolic serizce 331 M the bucker ""TIF'F" 5 Iy derermine the. wnsion

Drederntine the gormal force i exerty on the surface apd the developed in each of the wires.

mams my of block B needded to bold it i the eyuilibrinm 332 Dwformine the maxmom wemht of the buckel thal

peition shaw ihi wire system can sppon so that me single wire develaps
a tension exceeding 100 1k

= L4 1 —

Frode, =30 Fraby, 331752
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3.4 Three-Dimensional Force Systems
In Section 3.1 we stated that the necessary and sufficient
condition for particle equilibrium is:

SF=0  eveeeeenn. (3-4)

In the case of a three-dimensional force system, as in Fig.
3-9 , we can resolve the forces into their respective i, j, k
components, so that: ZF,i + 2F, j + ZF.k = 0. To satisfy
this equation we require:

ZF,=0
F,=0
3F,=0

These three equations state that the algebraic sum of the components of all the
forces acting on the particle along each of the coordinate axes must be zero. Using
them we can solve for at most three unknowns, generally represented as coordinate
direction angles or magnitudes of forces shown on the particle’s free-body diagram.

1

N S L s e L S

Frocec : ar Analyss

= i |

Thees-dinsemabanal Tore: equilibrivm problens for a pariicle can be
wolvesd uing the following procedare.

Free=Body Dragram.

= Estabdish the x, ¥ 7 axes moany suitable srentabion

& Lahel all che kmosen amd wnkondasws Toms MRkt i diFeciss
on the dingram.

o Thieseese of & face having anounkmosn mesenitude can be assumed

Eqiations of Eguilibrim

# Lle the scalar eijutnEs ol exEibibirim F =0 EF =
LfF, = [, in cases where il is easy io resolve sach force imioils .,
¥, £ COnypanenls

# If ihe three-dimensional geometry appears difficull, then first
capress cach foree om e frec-body diagram as o Carlesian |
weelor. subsiiinte these vectom into EF = 0, amd thes set the d, . Wk vt imt
k components egual o wero.

A ®subponed soohe Torge froam tha

suppart as well as forees from cach of ik three
chaine If the lirs snd any kaad on it bayva a

= I thee soluthon for & force vields o pepative resulbt, this indicases that | »oeht W.thes tho foece at the support will b

ite sense is the reverse of that shown om the freesbody diagram. it

W _ and the ihmee scalar efuarsnng ol

ran ho npphed Ao the Froe-hogdy

dirzram ol the soint in order %0 determing the
= chiln e, Fa Fr,oand Fe
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EXAMPLE |36

The 1i-kg lamp in Fig. 3114 & suspended from the three equal-length
cords Determine s smallest vertical distance s from the ceiling if the
fosce developed in any cord is not allowed 1o exceed 50 M,

HHWHTY W

(a1 (b}
Fiz. 311

SOLUTION

Fres-Body Diagram. Due o symmetry, Fig. 3=115, the distance
GA=DF = D = f00mm. It lollows that {rom EF, =0 and
EF_, = {1, the tension T in cach cord will be the same. Also, the angle
between cach cord and the » axis =+,

Equation of Equilibrium. Applying the equilibrium equstion along
ithe ;axis, with T &= 50 04, we have

ZF =1 SN cnsy] — HNRENMN = ()
a4yl
¥o= o | —— = 404"
1 50h

From the shaded tmangle shown i Fg 3=11h,

(M) i

5

fmm A9 16" =

F = 5|9 mEn Logn
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| | FUNDAMENTAL PROBLEMS
Al problem sofuions must include an FRIO,

FLBN. D[h=termme the bemsion dc!-'tln'p-e:l im cobles AR,
; ! AT, and AP
F3T. Determine the magneade of forces F;. Fs, Fy so

ihint the particle is held in equilibrium.

Fi-E Dtermine ithe [enslon 1”'“.'"111."” i calvlos AH A
and AL

F3-11. The L5HD crate is supporied by cables AS, A
and ALY, Deiermine the [€msiom fnlhess wires

F34

Fii Determine the lensiom developed moosbles AR, A,
amed AT

FX11
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4.1 Moment of a Force - Scalar Formulation:

In addition to the tendency to move a body in the
direction of its application, a force can also tend to
rotate a body about an axis. The axis may be any line
which neither intersects nor is parallel to the line of
action of the force. This rotational tendency is known
as the moment M of the force. Moment is also referred
to as forque.

Fig. 4-1
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Consider the force F and point O which lie in the shaded
plane as shown in Fig. 4-2 a. The moment M, about
point O, or about an axis passing through O and
perpendicular to the plane, is a vector quantity since it
has a specified magnitude and direction.

Magnitude: The magnitude of My, is:

My, = Fd (4-1)
Where d is the moment arm or perpendicular distance
from the axis at point O to the line of action of the force.
Units of moment are N.m or 1b.ft.

Direction: The direction of M is defined by its moment
axis, which is perpendicular to the plane that contains the
force F and its moment arm d . The right-hand rule is
used to establish the sense of direction of Mo,.

Resultant Moment: For two-dimensional problems,
where all the forces lie within the x—y plane, Fig. 4-3 ,
the resultant moment (My)o about point O (the z axis) can
be determined by finding the algebraic sum of the
moments caused by all the forces in the system. As a
convention, we will generally consider positive moments
as counterclockwise since they are directed along the
positive z axis (out of the page). Clockwise moments will
be negative. Therefore:

F

== -""-.,__
o Y
/ o\

Ilasmneeil ais

|

X

G

(al e me ol qataliog

|‘ -.”' |

'-:-l'[.-'lfﬁ.ln = 3 Fd: (Mg), = Fidy — Fad, + Fid;

:1___1"'"'.

If the numerical result of this sum is a positive scalar, (Mz)po will be a
Counterclockwise moment (out of the page); and if the result is negative, (My)o will

be a clockwise moment (into the page).
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EXAMPLE &1

For cach case illustrated in Fig 4-4. determine the moment of the
fored mhouol point 2,

SOLUTION [SCALAR ANALYSIS)

Thae D ol actiomn of sach foree s extondod s a dasled line inosder o
estuhlish the moment arm J, Also illusteated is the endency of
rirLationn ol the member ws cansed by the foree, Funhermore, the orbi
of the [orce abowl O is shown as a colored curl, Thus

Fig 4-4a Ma=(100NI2m) =200 N-m 2 At s
Fig 445 Mo = (SOMNKOLTSm) = 375N ‘mJ Arix \ r

Fig. 4-d¢ Moo= (40 Iy it + 2o 3F Ay = 2200h-1 ) Asre (] -?——
Fig ddd M, = (60 IbY 1 sindF 1) = 424 -1 A : -

Fig. 44 Mao=(TkM4m — I mj = 210 KN -m 7} Ay {3}

Fip. d—d

Prepared by: Ass. Prof. Dr. Ayad A. Sulaibi



UNIVERSITY OF ANBAR
COLLEGE OF ENGINEERING
DAM & WATER RESOURCES DEPT.

Lngineering Mechanics - STATIES

EXAMPLE |42

QUL

Dreterming the resultant moment of the four forces weting o the rod
shown in Fig, 45 about poims €

Assumuing  thal  posilive moments aci n the +k direction, i,
coutetclockwise, we have

L+ (Msy, = TR
(M), = =M MZ'm) + S0 M) + 20 N3 sin M m)
—d#) MNid m + 3 cos M m)
(Mgl = =34 N-m=334N-mJ] A
Fig. 4-5 For this coloalaton, note bovw il mome ni-arm distances Toe the 20-M

and d0-N forces are establishod from the extended (dashod) lines of
action of ench of these forces,

As llesirated y fhe exomnpde problems e momest of a
force does nol alwayvs conse & rotation. For example, the
force I tends to ratate tha baam elockwise abomd ite sapport
at A with o0 moment M, = Fd,. The actunl rolabon woald
el il 1B Sppsai sl B warg meimoved

The ability 10 remoeve the natl will reguire the
pomenil of Fyoabadil poand £ 1o b langer than the
et of the foroe Fy abont - that = needed 1o
pull the @il out
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4.2 Cross Product:

The moment of a force will be formulated using Cartesian vectors in the next
section. Before doing this, however, it is first necessary to expand our knowledge of
vector algebra and introduce the cross-product method of vector multiplication.

The cross product of two vectors A and B yields the vector C , which is written
as:

C=AXB (d=2)

and is read ““ C equals A cross B .”

Magnitude: The magnitude of C is defined as the
product of the magnitudes of A and B and the sine of the
angle u between their tails ( 0°< 6 < 180° ). Thus,
C=ABsin6.

Direction: Vector C has a direction that is
perpendicular to the plane containing A and B such that
C is specified by the right-hand rule; i.e., curling the
fingers of the right hand from vector A (cross) to vector
B, the thumb points in the direction of C , as shown in
Fig. 4-6 .

]|1:I 15

C=A xT = {AFsin fu, (4=3

Laws of Operation:

* The commutative law is not valid; 1.e., A X
B #B x A Rather, AxB=-Bx A. Thisis
shown in Fig. 4-7 by using the right-hand
rule. The cross product B x A yields a vector ~ _—=_—

that has the same magnitude but acts in the Fiw. d=T
opposite direction to C ; i.e., Bx A=- C.

Prepared by: Ass. Prof. Dr. Ayad A. Sulaibi
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* [f the cross product is multiplied by a scalar a, it obeys the associative law;
a(AxB)=(aA)xB=Ax(aB)=(AxB)a
* The distributive law of addition,
Ax(B+D)=(AxB)+(AxD)

Cartesian Vector Formulation: Equation 4-3 .
may be used to find the cross product of any pair of I
Cartesian unit vectors. For example, to find i x j, the
magnitude of the resultant vector is (i)( j)(sin 90°) =
(1)(1)(1) =1, and its direction is determined using the
right-hand rule. As shown in Fig. 4-8 , the resultant
vector points in the +k direction. Thus,ix j=(1)k. In | *

a similar manner,

Feg. 4-K

ixj=k ixk=—j ixi=0
Jxk=i jxi=-k jxj=0
kXxi=j kXj=-i kxk=20

These results should not be memorized; rather, it should be )
clearly understood how each is obtained by using the right- | e -
hand rule and the definition of the cross product. A simple | [ =
scheme shown in Fig. 4-9 is helpful for obtaining the same
results when the need arises. If the circle is constructed as | ™ =~ *—"
shown, then ‘‘crossing” two wunit vectors in a —
counterclockwise fashion around the circle yields the positive Figr. 4-9
third unit vector; e.g., k x i = j. “Crossing” clockwise , a
negative unit vector is obtained; e.g., i x k = -j.

Let us now consider the cross product of two general vectors A and B,

AXB = (Aid +Ayj +AK) x (Bid +Byj +B:K)

AxB = AyBy (ixi) +AxBy(ixj) + AxB:(ixK) + AyBx(j*xi) + AyBy (j*j) +AyB:(j*K)
+A:Bx(kx1) +A:By(Kxj) +A.B(kxK)

AxB = (AyB:—A:By)i — (AxB—A:Bx)j + (AxBy—AyBx)k

Prepared by: Ass. Prof. Dr. Ayad A. Sulaibi
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This equation may also be written in a more compact determinant form as:

e
-

AXB=

&>

4.3 Moment of a Force - Vector Formulation

Mot axs

The moment of a force F about point O , or actually

about the moment axis passing through O and

perpendicular to the plane containing O and F l “
Fig. 4-10 a , can be expressed using the vector cross 2 g

product, namely, A E

My=rxF (4-6)

i
Mbmmienl axis

|
o

J\I'

Here r represents a position vector directed from O to
any point on the line of action of F .

y

The magnitude of the cross product is defined from
Eq.4-3 as My = rFsiné, where the angle #is measured
between the tails of r and F. From Fig. 4-10 b, since the
moment arm d = rsi726 , then:

My =rFsind = F(rsinf) = Fd

The direction and sense of M, in Eq. 4-6 are determined by the right-hand rule as it
applies to the cross product.
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Principle of Transmissibility: The cross
product operation is often used in three
dimensions since the perpendicular distance or
moment arm from point O to the line of action
of the force is not needed. In other words, we
can use any position vector r measured from
point O to any point on the line of action of the | tLine afaction
force F, Fig. 4-11 . Thus,

M0=r1XF=r2XF=r3XF

Fig. 4-11

Since F can be applied at any point along its line of action and still create this same
moment about point O , then F can be considered a sliding vector . This property is
called the principle of transmissibility of a force.

Example -1

Calculate the magnitude of the moment about the base

point O of the 600-N force in five different ways.

Solution:

(I) The moment arm to the 600-N force is d =4 cos
40°+2sin40°=4.35m

By M = Fd the moment is clockwise and has the

magnitude:

Mo = 600(4.35) = 2610 N.m Ans. s 1\5\
(II) Replace the force by its rectangular components i _ B0 N
at A, e
F,= 600 cos40° =460 N, F, =600 sin 40° =386 N o
The moment becomes: SR Py B00medl
= S = . . Z
Mo =460(4) + 386(2) = 2610 N.m Ans - 1_*1%

(ITI) By the principle of transmissibility, move the | *= | g 25w w40
600-N force along its line of action to point B,
which eliminates the moment of the component a
F,. The moment arm of F; becomes: d; =4 + 2
tan 40°=5.68 m and the moment is:

Mo =460(5.68) = 2610 N.m Ans.
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(IV) Moving the force to point C eliminates the

3 : Fy b
moment of the component F;. The moment arm of F, - l e !
becomes: d,=2+4 cot40°=6.77 m B B ™
and the moment is: eli"f ™

Mo =386(6.77) =2610 N.m Ans. [ .,
¥ a
) 0 dy I f

(IV) By the vector expression for a moment, and by
using the coordinate system indicated on the figure "

together with the procedures for evaluating cross products, we have:
My=rxF = (2i + 4j) x 600(i cos 40° - j sin 40°)
=-2610k N.m
The minus sign indicates that the vector is in the negative z-direction. The
magnitude of the vector expression is:
My =2610 N.m Ans.

Dretermime tee mamaent of the fores in Fig, 4-18a about point OF

— = 3 cos 2 |n—-|
Fr= (SN oim A5

._:.'_|:q.
%
!

T l'.'.-.|'i|.ﬁ:.-\."-,.|i'

e T R ]

L]

SOLUTHOM
The moamsenl aem d in Fig -8 can b Townd rom (raonmmeny,
d = (3mjsn 75 = 2808 m
Thus,
M, = Fod = (SkMEZEM m) = 143 kN mJ

Since the loree tends fo rodade or oelal clockwase about point £F, the
moment & drected mito the poae
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continue Example (4.5)

SOLUTHCM N
The x and v components of the Torce are indicafed in Fig 4-186,
Conspdening counterslockwise moments as positive, and applying 1
pranciple of meoments, Wi have
l:-+MH= _F.l:"l'r _F'rdl'
= —{5 ooy 45" KMH3 «is 30° m) — (3 gin 43° KNE3I cos M m)
= —|43kN m= 145kN m D LI

Fy = {5 EN s T,
T

SOLUTHIM

Tlee & and v axes can besef parallel and perpendecalar o the rod’s

axks as shown 1 Fig, &~15% Here F, produces o momenl ghoo

poant CF simse 1% B of action peeses through this poant, Therefore,
C+Mg=—F,d.

—(5 =in 75" EMHI m} i<l

—145kN -m = 14.5kN-m.2 Kin Fig. 4-18
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Cartesian vector formulation: Momond

If we establish x, y, z coordinate axes, then the position
vector r and force F can be expressed as Cartesian vectors
(Fig 4-12-a) then we can write:

i j k
Mog=r%xF=|r, r, r (4-7) :
F, F, F,

Where rx, 7y,r, represent the x, y, z components of the
position vector drawn from point O to any point on the

line of action of the force. Fx, Fy, F; represent the x, y, z
components of the force vector. If the determinant is

expanded, then like Eq. 44 we have:

My = (rF. — rFyi — (rF: — RFR T (i F, — rnFk {4-5) {hi

Resultant Moment of a system of forces:

If a body is acted upon by a system of forces (Fig 4-13), the resultant
moment of the forces about point O can be determined by vector addition of the
moment of each force. This resultant can be written

symbolically as:
(Mr)o =X (r xF) \\ /

"rl..-l-
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